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Abstract—General fractal capillary networks are constructed and described via a systematic use of
algebraic graph theory. The Stokes flow problem is then addressed in this contribution; the matrix
relating the flow rates to the pressures is obtained through a general iteration formula, which is
deduced from the algebraic description of the geometrical structure. This formula is generally
nonlinear; it is only in the limit of a large number of iterations that it can be linearized and that a
fractal exponent can be obtained. Two examples are provided to illustrate the formal developments.
Various aspects of the results are then discussed and the permeability of a spatially periodic network
whose unit cell is a fractal calculated.

1. INTRODUCTION
In the first part of this series (Adler 1984), the transport properties of a Leibniz packing
were calculated in the lubrication limit. In consequence of its structural simplicity, the
packing was compared to an electrical network and the equivalent resistances and conduc-
tances could be derived by elementary means such as the star-triangle transformation.

In this issue, we wish to describe a general class of fractal structures, which consist of
capillary networks and to calculate the flow and the pressure inside such a network. The
practical, and potential, background of such a contribution is obviously related first to
natural porous media, which are often schematized by consolidated arrays of interconnected
capillary tubes. Moreover, most porous media can be considered as homogeneous at a
macroscopic length scale, but heterogeneous at a local scale. The global homogeneity is
related to the global translational invariance at this scale, while the local heterogeneity is
itself related to a local dilational invariance. This dilational invariance can be schematized
by a fractal structure. For instance, a percolating network is fractal at small scale (see
Stauffer 1979). Potential applications to the analysis of two-phase flows through porous
media may also be foreseen at least in connection with the percolation aspect of this situation
(Larsen et al. 1981, De Gennes & Guyon 1978).

Thus, a natural link exists between this issue and a previous series devoted to spatially
periodic capillary networks (Adler & Brenner 1984 a, b and c). They nicely complement
each other in view of the potential applications to porous media, which are mentioned above.
The basic graph of the spatially periodic capillary network would then consist of a fractal
structure. Hence, the reader will be provided with a fairly complete analysis of both
structures and with a general formalism.

Another attractive feature of networks is a consequence of the fact that they are
relatively easy to analyze when compared to continuum situations where partial differential
equations have to be solved. But the basic quantities of interest do have the same behaviour,
whether they are continuous or discrete. For instance, the flow rates (or the velocity field) in
a spatially periodic medium are spatially periodic as a result of the geometric periodicity of
the medium. The analogous feature is expected to occur here, since it is geometric in nature.
Thus, the solution of a discrete situation will hopefully suggest and support the basic
assumptions which can be made for continuous fields.
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To the best of our knowledge, there have been no similarly oriented contributions.
Certainly, Mandelbrot’s book (1982) constitutes the most fascinating introduction to the
field. In addition tc the references cited in the first part of this series (Adler 1984), the
following ones devoted to superconductivity of networks may be of interest here, Alexander
(1983) and Rammal et al. (1983 a and b).

This paper is organized as follows. The second section is devoted to the description and
definition of a fractal capillary network, which is assumed to be self-similar. The general
definition due to Hutchinson (1981) is transposed to the present case; mathematically
speaking, an invariant compact set can be viewed as a union of images of itself by contraction
maps. In continua, the geometry generally imposes severe constraints, which can be skipped
in discrete situations. A discrete fractal may be constructed with two ingredients; we start
with a given finite graph I';, called the basic graph. Then, a new graph I'| is obtained by
combining a finite number of basic graphs I'; according to a given recipe. A second graph T,
can be generated when the graphs I, are combined according to the same recipe as before.
This process can be indefinitely continued and a self-similar fractal is generated. An
algebraic analysis of the construction process is offered.

In section 3, the Stokes flow of a Newtonian fluid in the capillary network symbolised by
the basic graph T is analyzed. This provides us with the opportunity to recall some
elementary properties of this linear problem and to make clear the analogy between it and its
electrical counterpart. A transfer matrix A, is introduced; it relates the flow rates and the
pressures at the external vertices of the basic graph I’

The central section of this paper is 4, where the Stokes problem is solved on the fractal
graph I'y; it depends upon both the initial graph I'y and the construction process. The transfer
matrix Ay which relates the flow rates and the pressures at the external vertices of the graph
I’y are explicitly calculated by means of linear algebra, making a full use of the algebraic
description of I'y. The major result of this section is the derivation of a general iteration
formula between Ay and Ay_,, which turns out to be nonlinear. It is only in the limit, i.e. near
fixed points when they exist, that this expression can be linearized; it yields the so-called
linear fractal relation between two successive generations. Hence a clear distinction is drawn
between the general nonlinear regime and the final fractal regime.

In order toillustrate the previous abstract developments, section 5 is devoted to the detailed
treatment of two examples. The first one is the classical Sierpinski gasket; an application of
the general formula yields the usual 3/5 constant; in this case, the linear character of the
relation is a consequence of the isotropy, since an anisotropic gasket yields a nonlinear
relation. The second example tentatively describes the injection of a fluid inside a porous
medium; it is also reminiscent of the structure of polymers adsorbed on a solid surface.

All the results are briefly discussed in section 6. The construction of the network can be
generalized in several ways, as it was noticed in connection with the second example. The
formal structure of the result is compared to the one obtained in a spatially periodic network.
The fractal properties of the various quantities of interest are analyzed in view of their
applications to continuous fields. The interaction between anisotropy and nonlinearity is
briefly discussed. Finally, the permeability of a spatially periodic network, whose basic graph
is a fractal is calculated.

In view of the abstract character of the following developments, the reader may find it
useful to have general references on the subject and an alternative way to read this paper. A
general introduction to algebraic graph theory.has been written by Biggs; however, some of it
is presented in a previous paper of Adler & Brenner (1984 a) for spatially periodic networks.
The reader may skip the first few sections and go directly to section 5 which is devoted to two
examples of fractals; his geometrical insight may of course be stimulated by Mandelbrot
(1982). Then, he can come back to the first sections of this paper.



STOKES FLOW IN FRACTAL CAPILLARY NETWORKS 215

2. GEOMETRICAL DESCRIPTION OF A FRACTAL CAPILLARY NETWORK
Hutchinson (1981) defined an invariant compact set K (C R" as a set such that

K= S.k, (1]

a=1

where {S,, a = 1 ... M} is a finite family of contraction maps on R". Often, but not always
the S, are similitudes. '

Hutchinson (1981) also gave some examples such as the Cantor set and the Koch curve
which clearly show how the final invariant set K may be constructed by successive
applications of the family contractions.

The fractal capillary network is constructed in a similar manner here. We shall start with
an elementary graph I, which is called the basic graph. Then a finite family of transforma-
tions S, is applied to I'y; M finite graphs S,I, are obtained, which are connected in a
specified way. A new graph T, is obtained and the previous process may be applied again.
This is illustrated in figure 1.

Let us first describe the basic graph I'y. The minimum amount of graph terminology is
introduced when needed; most of it was already used by Adler & Brenner (1984 a, b, and ¢).
Note that an excellent introduction to algebraic graph theory has been written by Biggs
(1974).

A finite capillary network may be schematized by a finite graph Ty, when a clearcut
distinction exists between the junctions themselves and the capillaries connecting them. In
place of the physical terms “junctions” and “capillaries,” we shall employ the graph terms
“vertices” and “edges,” respectively. Hence, I, may be considered as

a set VT, of n vertices v; connected by

(2]

aset ETyof medgese;

The relations between vertices may be represented by the adjacency matrix A of the
graph, and the relations between vertices and edges by the incidence matrix D (cf. Biggs
1974 for a complete definition).

T, is assumed to be connected, i.e. every pair of vertices may be joined by a walk.

U

. X N
a b c

Figure 1. Construction of a fractal. (a) The basic graph I, with its n, external vertices v{? and its

H — n, internal vertices v{?. (b) The transformations S,(a = 1, ..., M) yield the graph ', made of

* the juxtaposition of the M transformed graphs S,T,. (c) These graphs are then interconnected in a

specified way to form the graph I',. Note the distinction between the external vertices 2/ of I'; which

become internal vertices of Ty, and the external vertices v/* of I'; which become external vertices of
T.
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Two kinds of vertices are distinguished in T, (cf. figure 1a):

n, external vertices {9,

(3]

n — n, internal vertices v{".

Of course, the external vertices are connected to external pressure generators and are the
vertices by which flow rates go in and out the piece of porous material symbolised by I',. We
shall come back to this point in section 3.

Algebraically, a projection operator H°“ can be defined on V' T, as a square n x n matrix
where only the diagonal elements may be nonzero:

o 1 if y;is an external vertex, [l
i =
' 0 otherwise.

Hence, on ¥ T, the vector v corresponding to the external vertices may be obtained as
{e) o.e
v =H%.1, (51

n
where 1 denotes the vector (1 . - - I)Ton V'T,.
Consider a given family of transformations S, (¢ = 1, ... M) which act on the basic
graph Ty, in a manner which will be specified later. The construction of the graph I, requires
two steps (cf. figure 1). First the graph I} is defined as the juxtaposition of the graphs S, Ty

M
= {J’S.T, [6]
i=1

where |’ denotes the juxtaposition without any interconnections between the external
vertices of the graphs S, I',.

Second the external vertices of the elementary graphs S, T, are connected one to the
other one in a specified way

M
r, = S.T, (7
i=1

where | stands for the interconnections.

Let us assume that the interconnections are defined in such a way as to leave n, external
vertices to the graph I';. Hence, the process can be indefinitely continued; Ty may be
expressed as

M
Iy~ 8,Trs. (8]
a=1

Note here that the cartesian concept of coordinates can be generalized to fractals in the
following way. In I';, a given graph S, I, can be determined without any ambiguity by the
integer a of S,. After N generations, S, « - - S, + + - S,, Iy, may be simply referred to by
the sequence of the /V integers ranging from 1 to M

{al"'ai"'aN}' [9]

Further technical details may be found in Hutchinson (1981).



STOKES FLOW IN FRACTAL CAPILLARY NETWORKS 217

This localisation of a part of a fractal by a sequence of integers may be usefully compared
to the localisation of a part of a spatially periodic medium by three integers in R® (cf. Adler
& Brenner 1984 a).

We shall not insist very much on the transformations S,, which can belong to a very large
class. Usually, S, consists of the multiplication of all the lengths involved in a given geometry
by a factor A. For instance, in the usual three dimensional space R’, the length of a capillary
is multiplied by A and its section by A’. However, more complex rules of the game may be
given and one is only limited by the physical relevance of the chosen transformation; edges
may be delected or added and so on. A large class of transformations S, may be represented
by a linear relation between the transfer matrix of I'; and the transfer matrix of S, I'y, as it is
detailed in section 4.

In the rest of this section, we shall be exclusively concerned with the connections between
the external vertices of the various S, I', and by their algebraic representation.

In order to remain as simple as possible, the following restrictions are made on these
connections.

It is assumed that an external vertex of S, ', may either become an external vertex of T,
or be connected to another external vertex of S, I'y. Hence, connections between external and
internal vertices of different subgraphs are forbidden. Moreover, an external vertex of S, T,
cannot be left dangling. Multiple connections between three or more external vertices are not
allowed.

Certainly, these restrictions could be removed without any serious troubles and could be
taken into account by simple modifications of the algebraic manipulations. However, this
would bring into the theory unnecessary complications which would obscure its meaning.

The connection between various external vertices of the graphs S, Iy is equivalent to the
superposition of some of the Mn, external vertices of the graph I'|. Since T is required to
possess n, external vertices, it turns out on elementary grounds that (M — 1)n, must be an
even number.

Let us now algebraically describe the superposition of some of the Mn, external vertices
of the graph I'|. First a clear distinction must be drawn between the Mn, — n, external
vertices of I} which become internal vertices of ', (they are denoted by »/)) and the n,
external vertices of I'| which become the n, external vertices of T, (they are denoted by v}¢).
This is illustrated in figure lc.

Two projection operators can be defined when necessary on the vertex space VT, '@ is
the projection on the vertices of I'} which becomes internal; 2" is the projection on the
vertices of I'} which become the external vertices of T',. The definition of the corresponding
Mn, x Mn, matrices P"* and P" parallels the relation [4].

On the vertex space V ' of the (M — 1)n, vertices v/, the superposition of two
vertices may be symbolized by the (M — 1)n, x (M ~ 1)n, matrix T defined as

T; = 1 when the vertices ;' and v} are superposed, (10}
1
T ; = 0 otherwise.

Note that T completely describes the transformation of I'} into T',. T has many elementary
properties as a consequence of its definition and of the restrictions placed upon the
transformation of '} into I';. It is symmetric. It has only one 1 in each line and each column.
The repeated application of two transformations T on the vertex space V I'{® yields the
initial vertices; hence 7 is idempotent and is its own inverse

T=1, T-T"". (11]

T has no diagonal element, which would correspond to a forbidden dangling vertex.
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This matrix is illustrated at length in section 5, to which the reader is referred.

An important condition is imposed on I'; it is assumed to be connected, i.e. every pair of
vertices of I'y may be joined by a walk. The condition for this property to hold may be
expressed as follows. Instead of using the detailed relation [10], a new graph I’ may be
defined. I'} contains M vertices {v; @ = 1, ..., M|}, which correspond to the M subgraphs
{S,To; @ = 1,..., M} of T,. Two vertices v and vj of T} are connected by an edge if the
subgraphs S, I'; and S; I, have a common external vertex. The adjacency matrix A} (cf.
Biggs 1974, p. 9) of this new graph I'Y may be introduced. Since I, is connected, the
connectivity of T'; is obviously equivalent to the connectivity of I'}. It is known as a general
result from graph theory (cf. Biggs 1974, p. 13) that I'} is connected if and only if (A} + I)*
has no zero entries.

This terminates the general description of a fractal capillary network. It is useful to note
that our fractal definition does not allow relations between subgraphs which are not nearest
neighbours, so to speak. Relations are only permitted between graphs of the same
generation.

It is always fruitful to make a parallel between the fractal and the spatially periodic
characters. The basic graph Iy plays the same role in both situations, hence its name. The
matrix 7 stands for the relations between the unit cell and its neighbours in the spatially
periodic case. Hence, the restriction just mentioned about fractal networks is equivalent to a
spatially periodic graph where only nearest—neighboured cells are interrelated.

3. STOKES FLOW ON THE BASIC GRAPH

This section is devoted to the elementary analysis of Stokes fiow on the basic graph I'y. Of
course, it is well known and described in many references (see for instance Biggs 1974 and
Bollobas 1979). The basic features of these solutions are given.

Consider the piece of porous medium symbolized by the graph I'y. A priori, we are only
interested by the relation between the flow rates going in and out of the material, and the
pressures imposed at the external vertices (figure 2a). This relation is linear when the fluid is
Newtonian and when the Reynolds number is everywhere vanishingly smail.

To each external vertex of Iy can be associated a pressure and a flow rate, with the
arbitrary convention that the flow rate is positive when it goes out of I'y. Hence, the n,
pressures and the n, flow rates can be represented by the vectors P§ and J{?, respectively,
which are defined on the space of the external vertices ¥ I'f?. The linear relation between
these two vectors may be expressed as

1
I -~ Ao PP, 2]
AN
\‘ 2,/ 1 2
\:> J" ‘[\\/};::
-~ a = 3
¢ - s
ST R N
fe N
4
a b

Figure 2. Stokes flow on the basic graph I',. (a) The external vertices 1 to 5 are represented together

with the corresponding pressures P and outgoing flow rates J{ (i = 1,. . ., 5). (b) The graph v, on

which the matrix a, [cf. [15]] is determined by use of standard methods of graph theory. Generators

whose strength is equal to the relative pressures are positioned between n, — 1 external vertices and
for instance the last one.
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where A, is a n, x n, matrix, that we call the transfer matrix of the graph I'y. u is the viscosity
of the fluid.

A, is generally symmetric, as it will be shown later, but it is noninvertible for the
following reasons (its rank is actually equal to n, — 1). First, the flow rates do not vary when
an arbitrary constant is added to the pressures; hence,

Ay-1=0, [13a]

"f
—— . .
where 1 denotes the vector (1 ... 1)t on ¥ T{. Second, the sum of the outgoing flow rates is
equal to zero, as a direct consequence of the conservation of the flow rates at each vertex of
the graph I'y. Hence,

11 . Ap=0 [13b]

which is identical to [13a] since A, is symmetric.
This unessential undeterminacy can be removed by choosing an arbitrary vertex, say the
last one v, which is assumed to be at a zero pressure. Moreover, the flux J), is given by

Me-1

o= = 2 T8 [14)

The remaining unknowns (J§;i=1,...,n — 1)and (P§;i=1,...,n — 1) may be
represented by the vectors j§ and p{?, respectively. They are linked by the linear relation

e 1 e
i =-a,-pf, [15]
u

where agis an (n, — 1) x (n, — 1) invertible and symmetric matrix.

a, can be calculated by a direct application of a process described for instance by
Bollobas (1979). Equation [15] actually corresponds to the situation illustrated in figure 2b.
Additional edges are added between the first n, — 1 external vertices and the last one n,;
pressure generators, whose strength is equal to the relative pressures, are supposed to be
located along these edges.

Three sets of equations are written on this new graph +,, which has n vertices and
m + n, — 1 edges. The conservation of the total flow rate is expressed at each vertex. The
pressure difference is zero along every cycle of the graph «,. Finally, the pressure difference
between two adjacent vertices i and i’ is proportional to the flow rate J( j) between these
vertices. Explicitly,

p() — p(i’) = us() J()), (16}

where j is the number of the oriented edge {i, i}. s(j) is the “pressure drop-flow rate
conductivity” coefficient along the edge j. When the capillary j is a cylinder of radius R( )
and length L(j), the Poiseuille’s law apphes (Happel & Brenner 1965) and s( j) can be
expressed as

8 L)

D=7 Ry (17

It is interesting to note that, when all the dimensions are multiplied by a factor A, s(j) is
multiplied by A~°.
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The three mentioned sets of equations enable us to express the flow rate vector j, (defined
on the edge space of v,) as (Biggs 1974)

jo=_ic.(cf.M.C)"-C’r-z, (18]

where Misa (m + n, — 1) x (m + n, — 1) conductance matrix whose the first m diagonal
elements are equal to the resistances s( j). Cis the (m + n, — 1) x (m + n, — n) cycle matrix
of v, (cf. Biggs 1974, p. 31). Z is the voltage vector; here, its components are zero except on
the last n, — 1 additional edges where they are equal to p{f).

Hence, a, is readily deduced as a submatrix of [18] from which its symmetric character
follows. Note that it is also negative definite.

It is easy to show that A, may be derived from a  as

T —— —]—
n,— 1
! a, —ag-1
1‘0= T ’
1] \-1t.a, 1t.a,-1 [19]
n~—1

pm— e,
where 1 denotes the vector (1 . .. 1)T. The requirements [13) are obviously satisfied by A,.
As a conclusion of this section, both formulations [12] and [15] are of course correct. As
it is shown by [18], [15] is usually the most natural starting point, especially when T, is a
complicated graph. In the following, [12] is usually used though it is not invertible. A last
important feature of A, and a, is that they only depend upon the geometry of the network.

4. STOKES FLOW ON THE FRACTAL CAPILLARY NETWORK

4.1. Basic relations

Let us denote by J{? the vector defined on the subspace ¥ T\ of the external vertices of
I; J{9 represents the n, flow rates going out of I',. Similarly, the n, pressures at these vertices
are represented by the vector P{). Paralleling [12] and [15], the following relations hold for
these two vectors

1
¥ =—A, . PP [20a}
72
or equivalently,
o |1 .
i - - pt. [20b]

One of the major purposes of the present paper is to calculate in a general and convenient
form these matrices A, and a, as a function of the structure of the basic graph I'y represented
by its matrices A, or a,, as a function of the family of transformation S,(a« = 1,..., M) and
as a function of the interconnection between the graphs S,Iy (@ = 1,. .., M) represented by
the matrix 7. This relation may be expressed as

A, =F.z (A), [21a)
a, = F, 7 (a,), [21b]

where F, 7 and f_; are two tensorial functions which will be determined.
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More generally, this calculation can be extended to any iteration of rank N

I = I Ay - PY [22a]
m
or equivalently,
(o 1 ¢
¥ - P Py, [22b]

where, by a straightforward application of [21],

Q—N-—-P

[23]
Av=F(- - - F(A) - - -).
Advantage will also be taken of this general structure to give some of the major field
properties which can be expected in the continuous case and which will be used in a future
outcome of the present series.

4.2. Description of the assemblages

Let us recall first that I'} was defined by [6] as the juxtaposition without interconnections
of the M subgraphs S, T,. An external flow rate vector J{© can be defined on the space V' I\
of all the external vertices of the graph I'; of course, ¥ T is simply the union of all the
external vertices of the transformed subgraphs S, I'y (a = 1, .. ., M); hence,

M
v = | S,(vrd). [24]
a=1

39 is thus given by

S, JP
JO=18, Ip " [25a)
Sy I¥
and similarly,
s, PY
PO ~lS, PP ' [25b]

Su PP
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On the graph I'}, which is generally disconnected, the relation between the flow rate vector
J"© and the external pressure vector P{® may be expressed as

S,

e T B < [26]

where S, denotes the matrix A, as transformed by the contraction S,
S. = Sa(A,). [27]

As it was discussed in section 2, we shall limit ourselves to invertible linear transformations
S,. In the simplest case of a uniform change of dimensions A, and of Poiseuille flow in
cylindrical capillaries [cf. (17)], S, is elementary deduced as

S. =A"? A, (28]

In the examples detailed in the next section, A will be usually equated to 1.

Note that an example of nonlinear transformations S, were given in the first issue (Adler
1984 a) of this series.

The relation [26] may be briefly written with the use of a Mn, x Mn, matrix ¢

J'l(e) = l‘P . pP'® [29]
K .

which can be rearranged as follows. Let us renumber the external flow rates and pressures

as
Jl(e)i
y© ,(Jm ) [30]
!
Pr(e)i
.P'u“’=( ) (31]
Py

The first (M — 1)n, flow rates or pressures correspond to the (M — 1)n, external vertices
uj® of I'} which become internal vertices of I,. The last n, flow rates or pressures are thus
relative to the n, vertices {9 of I', which become the final external vertices of T',.

Hence, the matrix ¢ can be subdivided into the four blocks corresponding to this

distinction

1 P2
¢ = ( ) [32]
P P

where ¢,,, 12, ¢ and gy are (M — 1)n, x (M —~ Dn,, (M — 1)n, x n,,n, x (M — 1) and
n, x n, matrices, respectively. Moreover,

t t '
P =@i2, Pu=@il, Pn=en. [33]
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When the M subgraphs S, I, (@ = 1, ..., M) are connected according to the law
symbolized by T [cf. [10]], it implies that the flow rates are equal and opposite (recall the
algebraic convention) and that the pressures are equal at the vertices which are connected
one to the other one. This may be expressed as

T .39 = J [33a]

T - P = P, [33b]

which provide 2(M — 1)n, relations between the flow rates and pressures. However, exactly
one half of these relations is redundant as a consequence of the symmetric character of the
matrix T. For instance, [33a] implies

#(e) ne)i
Jii == Ty

and simultaneously,
T == T

In order to avoid these redundancies, new matrices L and .£ must be introduced. Let us
first define the matrix T * as

Ti', i <j
Ti=1" [34]
0, i>j.

Then +1 (for L) or —1 (for .L) is added to the first diagonal of T * each time that there is
already 1 in the corresponding line. Then the matrices L and .L are obtained by deleting the
lines composed of 0 only.

This process is illustrated by the elementary example shown in figure 3.

L and £ are (M — 1)(n,/2) x (M — 1)n, matrices which possess the elementary
properties

L.£Lt=0, L-Lt=2I, L..L}=2L [35]

The proof of these relations readily follows from the definition of these matrices; they may be
verified in the example of figure 3.

Figure 3. Iflustration of the calculation of L and .L. Four vertices 1, 2, 3, 4 are given in (a). Then 1 is
connected to 4, and 2 to 3. Hence,

0 0 01 00 01
0010 0 01 0
T=- , Tt=
0100 0000
1 0 0 0 0 0 0 0
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With the use of these two matrices, the equations [33] can be replaced by the
nonredundant set of (M — 1)n, relations

L.J® =0, [36a]

L - P9 =0, [36b]

which completely describe the assemblages.
Of course, the vectors 31 (P{") is composed of (M — 1)n, components which are two

/ Kz\

3. | =K [37]

_K‘

and the equivalent relation for P},

This property may be phrased differently. The vectors J{©¥ and P} belong to the kernels
of L and ., respectively. It is more convenient to introduce new and nonredundant flow rate
and pressure vectors J* and P”, each of them possessing (M — 1)n,/2 independent
components, and such that

L Ua B L [38a]

P =Lt . P" [38b]

Hence, two unknown but related values of J{ (or P{®") correspond to one unknown value of
J" (or P"). With this formulation, [36] are automatically satisfied.

4.3. Calculation of the first iteration

As a pleasant consequence of these lengthy preliminaries, the actual solution of the
problem is now at hand.

Introduction of [30] and [32] into the general relation [29] yields

1 ; e
I = ;—.; (o1« P + 3 - P{ ))’ [39a]
g 1 i e
J(l) = ; (o - P 4 $n Ps ))- [39b]

[39a] is composed by (M — 1)n, relations and [39b] by n, relations.

The solution is obtained as follows. [39a] furnishes (M — 1)n,/2 relations, from which
the components of the vector P” can be deduced. Introduction of these values into [39b]
yields the desired relation between J{? and P{®.
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Let us now detail and discuss this solution. When [39a] is multiplied at its left by L, its
left-hand side vanishes as a consequence of [36a]. Introduction of [38b] yields

L-gy-Lt-P'4+L.g,.-PY=0. [40]

This matricial equality is equivalent of (M — 1)n,/2 relations between the (M — 1)n,/2
independent components of P”. They can be calculated in function of P{? whenL - ¢,, - L1 is
invertible, a property which is now discussed.

The matrix L - ¢, - Lt is square, symmetric and has (M — 1)n,/2 lines and rows. On
intuitive grounds, it is expected to be invertible since one should not encounter any difficulty
in solving the corresponding physical problem, which is equivalent to the calculation of the
pressure at some inner vertices, in function of the pressures in a connected graph.

This qualitative argument may be sharpened as follows. Actually, the trouble is mostly of
a technical character, which is related to the invertibility of the matrix a,, and to the
non-invertibility of A,. First, suppose that the graph I, is composed of n, = M subgraphs
S.T, each of them having one and only one vertex which becomes an external vertex of T,.
Hence, in a given subgraph S,T, the origin of pressure may be assigned to this external
vertex. When ¢ is rearranged according to [32], the part of S, which remains in ¢, is
invertible since it is S,(a,). Hence, ¢, is invertible, since it is composed by n, — 1 blocks
which are themselves invertible.

Second, suppose that M is strictly larger than n,; thus, some subgraphs S,TI', do not
possess any external vertex of I',. However, since ', is assumed to be connected (see section
2), these internal subgraphs may each be linked to at least one subgraph with one external
vertex. When this is done for all the internal subgraphs, we are back in the first case.

Third, it may happen that one subgraph S,T, has two or more external vertices. This
subgraph may be subdivided into parts having each only one external vertex of I', and thus
we are back in the second case.

Hence, we may write

P'=—(L-.g,-LH)"'-L.g, P [41]

Introduction of this equality and of [38b] into [39b] yields the final result
g 1 _ ) -
W= l-eu- Lt Leou - L™ - Lo gy + gz] - P [42]

which is the desired relation between J{? and P{? according to the definition [20a] of A,, we
obtain

A =— (prz ‘LY (Lo LD L.on+ey [43]

which is satisfactory both by its generality and compacity. It is obviously symmetric in view
of [33]. From the previous developments, it must be reminded that A, is not invertible.

4.4, The general iteration formula

Now we are in a convenient position to detail the functional relation between Agand A, as
it was expressed by F in [21a]. In order to do that, the relation between ¢ and A, must be
explicited since it was somewhat masked by the general expression .

As previously stated, the transformation S, has been assumed to be a linear operator [cf.
[27]]; hence,

S. =, * Ao, [46]

where s, is a n, x n, matrix.



226 P. M. ADLER
Then, ¢ may be expressed as

¢=S-E:A, [45]

where S is a Mn, x Mn, second-order tensor, which can be written as
S = S, . [46]

Eisa Mn, x Mn, x n, x n, fourth-order tensor such as the matrix A, is replicated M times
Ao
E:A, - ) [47]
A

Introduction of [46] and [47] into [45] obviously yields an identity. The general
component of the fourth-order tensor may be expressed as

i Jj .
Eijpy =6 [;:_} , [;:—} « Oyk * Ot [48]

(] (]

where [x] denotes the integral part of x and (i) the value of i modulo n,. The Kronecker
symbol is equal to 1 when its two arguments are equal, zero otherwise. This complicated
expression automatically ensures the replication of A, according to [47].

Then, ¢ was rearranged into blocks in order to leave at its ends the vertices which become
the external vertices of I', [cf. [32]]. According to [45] a permutation of the indices of ¢
corresponds to a permutation of the first index of S and of the second index of E. When these
two indices are ranging from 1 to (M — 1)n,, and from (M — 1)n, + 1 to Mn,, the tensors
S,, E, and S,, E, are obtained respectively. Hence,

e;=Si-E:A, (i,j=1,2). [49]
Introduction of [49] into [43] yields the general expression

A=~ (S;-E:A)-Lt-[L- (S -E A - L]
‘L.S -E;:A; +8S,-E;: Ay [50]
The details which are given in this formula certainly obscure the general form of the
relationship between A, and A, so its derivation was not presented first. However, it has the
definite advantage of being immediately extrapolated to the relation between Ay and Ay_,.
This relation is merely a duplication of [50] and reads as
Av=—(S;-E;:Ay_ ) - Lt . [L- (S, -E :Ay)) - LT]!
-L-S,-EZ:AN_,+SZ-E2:AN_,. [51]
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Hence, as it was stated at the beginning of this section, one of the primary purposes of
this paper is fulfilled with the explicit relation [51] between Ay_, and Ay, i.e. between two
successive steps in the construction of the fractal.

4.5. The fractal relation

The function F [cf. [21a]] corresponding to the general iteration formula [51] is
obviously nonlinear and thus many different phenomena may happen depending upon the
particular character of the transformations involved.

An important simplification occurs when this function F is a linear function or can be
linearized, in such a way that the iteration formula [51] may be written as

Ay=F :Ay_y, [52]

where & is a fourth-order tensor that we shall call the fractal tensor.
Let us now briefly investigate when such a relation can be obtained and how it may be
deduced from [51]. First, we shall assume that the function F has a fixed point A_, i.e.

A.=F(A). [53]

In many cases, such a fixed point is located at the origin, i.e. A, = 0. Consider, for instance, a
wire mesh which is steadily increased by successive additions of wires (as the Sierpinski
gasket that is considered in the next section); when the pressures are held constant at the
external vertices, the flow rates tend towards zero, from which fact the existence of a fixed
point is suspected at zero.

Fixed points may also appear for finite values of A,. For instance, a fractal may be
defined in such a way that the distance between two external vertices is not modified; a finite
fixed point is then expected on intuitive grounds. However, the former situation can be
obtained with an origin shift.

Serious problems may arise when the unicity of fixed points is examined, not to speak
about their existence. We shall not deal with these questions here, especially in view of the
potential applications where the transformations S, (& = 1, ..., M) are not linear. In the
following, we assume that the starting *“point,” represented by the tensor A,, is located in the
neighbourhood of a given fixed point A, = 0 which is progressively reached by successive
applications of F.

Let us further assume that F is differentiable at the origin; it is then an easy matter to
realize that the fractal tensor Z is the gradient of F at the origin

g9

EYY [54]

A=0

Then [52] corresponds simply to the first-order term of the Taylor expansion of F near the
origin. For sake of clarity, the situation is illustrated in figure 4 for the one dimensional
case.

The fractal tensor F may be obtained in several ways. The easiest one consists in the
elementary differentiation of the function F, i.e.

dF,

94, [55]

gljkm -

A=0

An alternate way consists in using the formal tensor differentiation formula as it is given for
instance by Truesdell & Noll (1965).
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X, X, x,

Figure 4. Tllustration of the iteration process for a one-dimensional situation where F is equal to

S(x). The result of the successive iterations are x;, = f(xp), ..., x, = f"(xo); this may be

geometrically obtained with the help of the first intersect (the upper straight and broad line). When x

is small enough, f(x) may be approximated by its tangent f'(0) - x (the thin line). The fractal
constant is equal to f*(0).

5. EXAMPLES
In order to illustrate both the construction mechanism and the application of the general
formulae [51] and [52], two examples are fully explicited. The first one is the classical
Sierpinski gasket. The second one is less classical, but represents a structure of importance
both in polymer adsorption on a solid wall and in the injection of a fluid in a porous
medium.

5.1. The Sierpinski gasket and its extension

The construction process is well known and is illustrated in figure 5. The initial “pressure
drop flow rate conductivity” coefficients are all equal to 1 in the isotropic gasket; for sake of
convenience, dimensionless pressures, flow rates . . . are used; the viscosity of the fluid is also
equal to 1.

The relation between the flow rates going out of the basic graph T, [cf. figure 5a] and the
pressures at the external vertices may be derived from elementary arguments as

J\ (-2 1 1\ [P
JZ = 1 ‘—2 1 . P2 . [56]
7, 1 1 =2/ \p

The relations between the vertices of the three basic graphs I'y when they are assembled
to give the graph I, (cf. figure 5b) are symbolized by the matrix T

0 01 00O
000010
1 00 000
T = [57]
0 00 001
010000
00 01O

The internal vertices are assumed to be ordered according to their increasing number, i.e.
2,3,4,6,7and8.
L is then deduced according to the process described in the previous section; hence

1 01 000
L={0 1 0 0 1 O0f. [58]
0 0 01 011
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Figure 5. The construction process of the isotropic Sierpinski gasket. The basic graph Ty is given in
(a); three basic graphs are used to construct I'} as it is shown in (b). The basic graph of the anisotropic
case in given in (c) and the construction process is the same as in the previous situation.

For the sake of clarity, the three transformations s, s, and s, are assumed to be the
identity. Hence, the matrix ¢ is obtained by the juxtaposition of three matrices A, as given
by [56]. Let us order the external vertices of T', as 1, 5, 9 (cf. figure 5b); the internal vertices
of I, are ordered according to the previous convention 2, 3, 4, 6, 7, 8. The matrices ¢,;, ¢,(=
o5,) and ¢y, are derived from ¢ as

-2 1 0 o0 o0 O
1 -2 0 0 O
0O o0 -2 1 0 O
P = >
6o 0 1 -2 0 O
O o0 o0 o0 -2 1
0O o0 o0 o0 1 =2
1 00
1 00
-2 0 0
010 o -2 o
P12 = y P = - .59
12010%2 []
o 0 -2
0 0 1
0 0 1

It is now a simple matter for the reader to perform the calculations as they are given by [43];
we obtain

-4 1 1
L P LT - 1 —4 1
1 1 -4

whose inversion is immediate

11
(Legy-LN"'=-=]1 3 1J.
’ 1 1 3
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A, is obtained after a few more steps as

-2 1 1
A= % 1 -2 1],
1 |
i.e. the result
A =3/54A, [60a]

which can be readily derived by an application of the classical startriangle transformation. It
is very gratifying to derive this expected 3/5 coefficient through the general formalism
worked out in section 4.

The function F is thus very simple, since it is reduced to the multiplication by the
spherical tensor 3/5 - L. The fractal tensor ¥ is “equal” to the constant 3/5. It will be seen
below that the linear character of the relation [60] is related to the isotropy of the Sierpinsky
gasket as shown in figures 5a and 5b.

If the transformations S, were not the identity anymore, but given by [28] for instance,
then the relation [60a] would have to be modified as

A| = 3/5 . A+3 Ao. [60b]

Let us now investigate the influence of anisotropy on the iteration formula. The simplest
extension of the previous gasket is shown in figure 5c. Two sides of the basic graph I'y have
equal resistances (arbitrary equated to 2); the third side has a resistance «’. First, it is
possible to show by symmetry arguments that Ay has the general form

-2 Ay ay ay
AN = ay ay bN s [61]

(279 bN ay,
where ay = — (ay + by). The initial values of gy and b, are equal to

@ =~ 05— 1./a,

62
bo = 1./(1' [ ]
as it may be shown by analysis of the basic graph I,.
The iteration process may be summed up by the formulae
Ay = 2[ay(ay — 2ay)’ + byay — af(ay — 2 ay) — by ay],
Yn=2byay(by — ay + 2ay) + bj(ay — 2an)’ — by,
1
AN, = —‘A‘_' {a,zv- [ZaN(aN—ZaN) '—'alzv] + YN}+aN, [63]
N .

1
by = — A {afv(a/zv —2ayby) + Yyl
N

This iteration is illustrated in figure 6 for various values of the anisotropy parameter «'/2.
Several comments may be offered on these results. Note first that the Sierpinski gasket
can also be calculated as an application of the classical star-triangle transformation, which
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01 4

o1

Figure 6. The coefficient —a (solid lines) and b (broken lines) as functions of the number of
iterations N. Values of a: 0.2 (1), 2 (2), 12 (3).

was extensively used by Adler (1984) in the Leibniz packing. This alternative route to [63]
was actually used in order to check both our analytical and numerical results.

Usually, the fractal character is only obtained after several iterations. This is a direct
consequence of the “nonlinearity” of [63], which is actually induced by the anisotropy of the
gasket. However, the fractal limit is generally obtained pretty rapidly, i.e. after a few
iterations; this feature was already present in our previous paper (Adler 1984).

Finally, the fractal coefficient is always equal to 3/5, irrespective of the degree of
anisotropy as measured by the value of the coefficient a’. Hence, it depends upon the
structure of the iteration process and not upon the particular values of the coefficient which
is under consideration.

This may be proved in the following way, as suggested by one of the referees. The
iteration formulae [63] possess a solution of the form

ay = K, PN, by =K, PN-

By substitution into [63], the values of X,/K, and p can be obtained. It is easily shown that
they do not depend upon o'. K, /K is the solution of the equation

ERICRE

that is to say

K.\ K,

4= =17
,, (&) 55

KZ KZ

=2 222
e+l

Only the last value 3/5 is obtained from the numerical data. Note that, in figure 6, the
final ratio —1/2 is not always obtained after nine iterations.
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12 1 25 6
1 6
4 3 4 38 7 4 7
b1 b2 b3

Figure 7. Injection of a fluid into a porous medium. The fractal considered in the references is shown
in (a). For sake of convenience, it is replaced by the fractal (c) with the construction process described
by bl, b2, b3.

5.2. Injection of a fluid into a porous medium

For fractal structures, a second typical situation is found in physical problems where the
correlation length of the structure is equal, or related to the distance to a line or a wall (in
two- and three-dimensional problems, respectively). The picture may be drastically schemat-
ized by the structure represented in figure 7a. The “radius™ of the loops is equal to the
distance of the center of the loop to the wall. This has already been used and discussed by De
Gennes in two very different physical contexts. The first one corresponds to the adsorption of
a polymer coil onto a wall (De Gennes 1979); it will not be discussed here and its analysis is
postponed to a future issue of this series when flow in continuous fractal structures is studied.
The second one is of very high interest here, since it happens when a fluid is injected into a
porous medium (De Gennes 1983). A first approximation consists in the representation of
the porous medium by a square lattice of capillaries; the injection of a fluid thus yields the
picture given in figure 7a.

However, such a structure cannot be exactly obtained by the process which has been
described in the previous sections. It differs from it in two aspects. An external part, that will
be called the hat for obvious reasons has to be added to complete a generation; this can be
easily incorporated in the theory, and the example is worked out below with this original
feature. Moreover, some edges should be deleted and the equality (within a sign change) of
flow rates and pressures should be written at an increasing number of vertices.

This second feature has not been incorporated in the example (we shall come back to this
point at the end of this section). The fractal shown in figure 7c is obtained in lieu of the one
shown in figure 7a; the construction process is illustrated in figures 7bl, 7b2 and 7b3.

Using elementary arguments, the linear relation between the outgoing flow rates and the
pressures at the four external vertices (cf. figure 7b1) may be expressed as

J -2 1 0 1 D
J 1 -2 1 0
2| . P2 . (64]
J; 0 1 =2 1 D3
Js 1 0 1 -2 Ds

As in the previous examples, all the quantities are assumed to be dimensionless and all the
resistances in the initial square are equal to 1.
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Let us now describe the iteration procedure. The union of two squares (cf. figure 7b2) is
described by the matrices T and L

01 0
000 1 1010

T - , L= : [65]
1000 01 01

01 0

where the internal vertices in I', have been arranged in the order 2, 3, 5, 8.
When the vertices in I'} which become external vertices in I'} are arranged in the order 1,
4, 6, 7, the matrix ¢ can be decomposed into four equal blocks

Av(1,1)  An(1, 4) 0 0
Av(4, 1) Ay(4, 4 0 0
Pn = W& D Add 9 ) [66a]
0 0 AN(2a 2) AN(Z’ 3)
0 0 Ay(3,2) Ay(,3)
Ay(1,2)  An(1,3) 0 0
. |Av@ D) 4u4,3) 0 0 s6b)
o2 = o3 0 0 A1) 4y2.4)|
0 0 Ay(3,1) Ay, 4)
A(2,2) An(2,3) 0 0
Ay(3,2) Ay(3,3) 0 0
- . 66
o 0 0 Ax(1,1) Ay(1,4) [66¢c]

0 0 An(4,1) Ay(4,4)

Hence, when the calculations described by [43] are performed, we can obtain the relation
(corresponding to the situation illustrated in figure 7b2)

Ji 4
Je _ (Afv B;'v) ) Ds . [67]
J; Cyv Dj, D
Js Ps

where Ay, By, Cy and D, are 2 x 2 matrices.

The “hat™ [1, 9, 10, 6] has to be added in order to finish the construction of the fractal.
Consistently, the resistances of the edges [1, 9], [9, 10] and [10, 6] are equal to 2%, 2¥ and
"~ 2¥-1, respectively at the step N. The intermediate variables (J,, J) and (P,, P;) can be
expressed as functions of Jy, Jio and Py, Py, by expressing the flow rate conservation at each
vertex and the Ohm’s law along each edge. Hence,

B (B 1 [ 1 -1\(P '
(-’6) B (Jlo) * _2-17 .'(_1 l)(Plo) ’ [68.a]



234 P. M. ADLER

o))

N W
|

ik 68.b
Py (68:0

when the four intermediate variables are eliminated between [67] and [68], the final relation
between the flow rates and pressures may be expressed as

N —
W N

Js Py
Jio =(a1v ﬁ)v) Py, , 169]
Jy Yv On/| Py
A P,
where the 2 x 2 matrices ay, 8y, Yy and 8, are given by
3 1
I 2N—l Al -1 Ar 2 2 l 1 _1
ay=(I- AN - Ay 1 3"5&'_1 ik
T2 2
- l— 2N—l . Ar)—l . B’,
By = ( N N [70]
3 _1
2 2
yv=Cy-|2% " ay + )
r3
2 2

oy =2"""'Cf - By + Di.

Of course, Ay is equal to the matrix in [69]. We can come back to the starting point, the
matrix ¢ as expressed by [66], and we can reiterate the construction of the fractal.

01

w

001

12 3 4 S5 6 7 8
N

Figure 8. The five independent coefficients — Ay (2, 2) (a), Ay (2, 3) (b), Ay (2,4) (c), —4x (3, 3)
(d) and A4, (3, 4) (¢) as a function of the iteration number N for the injection of a fluid into a porous
medium.
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These calculations are best done by a computer; when the initial matrix A4 is [64], results
are illustrated in figure 8 when the five independent coefficients of A, are given as a function
of the iteration number N. This reduction in the number of independent coefficients of Ay is
a consequence of its symmetric character, of the fact that the sum of every row (or line) is
zero and of the symmetry of the graph.

Comments could be very similar to the ones given for the Sierpinski gasket. Some
nonlinearity is also present and its amount depends upon the coefficient under consideration.
The fractal character is only reached in the limit. The fractal tensor seems to be reducible to
a single coefficient which was numerically found to be close to 0.5; note that Ay(3, 4)
eventually reaches this trend after a large number of iterations (~20).

Finally, let us examine the network represented in figure 7a. As it was already
emphasized, it is an idealization of the physical situation. However, we are really interested
by the pressures and flow rates at the corners, since the fluid invades larger structures from
these corners. The network of figure 7a can be obtained by deleting some edges at each step;
simultaneously, the equality of pressures and flow rates should be written at an increasing
number of vertices. For instance, in figure 7b2, the edge 2-3 has to be deleted. In figure 7b3,
two different situations must be calculated in order to obtain the next generation; first, the
graph is complete and the external vertices are 4, 7, 6, 10 and 9; second, the external vertices
are 4, 1, 9, 10 and 7, while the edges (1-4) and (1-9) are deleted. This process can be
repeated.

6. DISCUSSION

As it was already stated in the previous section, the construction process can be
generalized in many ways. Edges and vertices may be deleted, as it would be actually
necessary for a rigorous construction process of the injection shown in figure 7a. Some finite
graph, which was called the hat in this example, can be added at each step. This last feature
illustrated in section 5.2 is not difficult to generalize.

There is an other possible extension which is not a priori obvious. In the above theory, all
the flow occurs, so to speak, around the fractal, since the network is always energized by the
external vertices. We can also think of a different situation where the flow would occur
between the external vertices of T'y and the external vertices of an inner graph, say ST
More precisely, the inner graph ST, is deleted, and external pressures P§), and flow rates 3§,
are imposed at its corresponding external vertices. The relation [22a] can be generalized as

J(f) 1 P(t)
Yle-an Y, [71]
1) " n e,

where the 21, x 2n, matrix Ay has to be calculated. This situation was not further
investigated, since it is usually the one described by [22a] which is of practical significance.

The relation [43] presents some formal similarity with the general formula obtained by
Adler & Brenner (1984a) for a spatially periodic capillary network, since in both cases there
is a central inverted matrix. The same basic ingredients are present in some sense; the
internal arrangement of the local graph was symbolized by a cycle matrix C (here ¢); the
relations between the various unit cells were represented by a mixed operator R (here L).

This provides us with a useful transition to the next point of the discussion. For spatially
~ periodic networks, the flow rate vector was assumed to be spatially periodic. As a direct
consequence, the pressure field could be decomposed into a continuous component related to
the macroscopic pressure drop and a spatially periodic component. In the present situation, it
is equivalent to relate the pressure vector P, (the flow rate vector J%*) at the external
vertices of I';, which become internal vertices of T'y to the pressure vector P{ (the flow rate
vector J¢) at the external vertices of T'y.
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As a consequence of the fundamental linearity of the Stokes flow on a capillary network,
linear relations exist between these quantities

P\ = Gy - P, [72a]
I = Hy - 39, [72b]

where G,y and Hy are (M — 1)n, x n, matrices. Physically, these relations mean that internal
quantities can be calculated when the external and controlling quantities are known.

These two matrices can be calculated as functions of the basic elements of description of
the construction process. The matrix =" may be defined as a generalization of the matrix
@ [cf. [32]] when its constitutive elements are based upon A,_,. Thus, [39a] can be
generalized into

1(e)i 1 - r(e)i -
T = 2 el - P + el - PY). (73]

Relations which are analogous to [38], [41] and [42] can easily be written down. The general
expression for Gy can be given as

Gy= —Lt - (L- o™ - LD~ - L- o, [74]

Introduction of [72b] into [73] yields
T = 2 (Gl Gy + o) - B, &
n

Since Ay is not invertible, some care should be taken for the expression of P$’ as a function of

J. The n external vertex of T'y can be maintained at pressure 0; hence,
P = way' - . [76]

The corresponding flow rate does not appear as such in {72b].
Apart this minor point, the matrix Hy is easily derived as

Hy = (o{{™" - Gy + o3~1) -« Ay, [77]

Where Ay is the n, x n, matrix

0
-1 .

Ay = an . ] (78]
0 ... 0

Hence, fractal relations are obtained when G, and H,, tend towards constant matrices,
when N —

G- IlVi—r'nGN’ [793]
H - limH,, [79b]

In this limit, the pressure vector and the flow rate vector are fractal.
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The isotropic Sierpinski gasket is an example which can be carried out analytically.
¢~V is given by

e < (3/5) 4 g [80)

It is easily foreseen that this multiplicative coefficient will disappear during the course of the
calculation, which is the basic reason for which Gy and Hy generally tend towards constant
limits. We deduce that

2 2 1 -1 10
2 1 2 -2 -1 0
GN=1.221,HN.=1 1 -1 0 (1]
511 2 2 3 1-1 =20
2 1 2 2 10
1 2 2 1 20

Hence, it seems that we may state an important general property. Namely, in the limit
N — =, both the flow rates and pressures at the external vertices are fractal. A word of
caution is necessary here since it may happen that this property does not always hold; so far
we did not prove any general condition. Anyhow, this result has to be contrasted with the
spatially periodic situation, where the character of these two quantities is different; the flow
field is spatially periodic and the pressure is the superposition of a continuous component and
of a spatially periodic component.

Dimensional effects, anisotropy and nonlinearity will not be fully discussed here and we
shall restrict ourselves to a few remarks. No explicit reference has been made to the space
dimension, which is an important advantage of the present constructon process. The most
interesting nonlinear character is certainly the one which arises from an actual spatial
construction, as it occurred for the Leibniz packing (Adler 1984); a nonlinearity induced on
a network is surely somewhat artificial, when it is not related to a specific situation.

The Sierpinski gasket presents an original feature in relation with its isotropy; its fractal
character is immediately obtained [cf. [60a]]. Highly symmetric graphs may have the same
property; regular graphs such as the circuit graph or the complete graph (Biggs 1974) may
be good candidates for T,

Finally, the end of this discussion is devoted to the calculation of the permeability of
spatially periodic networks whose unit cell is a fractal. Of course, the permeability of the
network could be obtained as in Adler & Brenner (1984a), but the gain of the present
analysis would be lost since the whole graph I'y should be decomposed into cycles and so-
on.... Actually, the most convenient starting point is the transfer matrix gy which is
supposed to be known after the fractal analysis. Only a broad outline of the method is
given.

The following notations are necessary. The cell number is referred to by a triplet I of
integers, when a three-dimensional situation is considered; inside a cell, the vertex number is
denoted by i. 4 priori, pressures and flow rates depend upon both I and i. However, the
pressures may be decomposed as

p(L,i) = p@i) + R - Ip, [82]

where p(i) is a spatially periodic function, R, the spatial position of cell I and Vp the
macroscopic gradient.
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g £

Figure 9. A spatially periodic network whose basic graph is a fractal. (a) The basic graph. (b) The
derived graph with the additional edges.

Hence, the pressure drop between homologous vertices is easily found to be
Ry - R)) - Vp. [83]

The derived graph I'y, may now be introduced by adding additional edges between the
homologous vertices of T'y (see figure 9). To each additional edge j, a macroscopic jump
vector R( j) may be associated

R(j/) =Ry - R, [84]

where the edge j goes from a vertex in cell I to one in cell I'.
On this set of additional edges, a pressure generator vector may be defined as

g-%-p, (85]

where R is a mixed m x 3 operator., Its jth line consists of the vector R( j)T.

The graph I, composed by the additional edges and the external vertices may be
rearranged into its connected components; let ¢ by their number. When the last vertex is
assumed to be at pressure 0, we can decompose a, into submatrices a$i*? on each component;
hence, a pressure origin p* (i = 1, ..., ¢ — 1) can be assigned to a given vertex inside each
component, except the last one. On each component, except the last one where it is
automatically satisfied, theé sum of the external flow rates is equal to zero. This provides
¢ — 1 equations, from whichp® (i = 1,...,c — 1) are determined.

The problem is thus solved in principle and various quantities such as the permeability
can be calculated. Details are not given here since they can be found in Adler & Brenner
(1984a).
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